Many analysis and design problems in engineering and science involve uncertainty to varying degrees. This paper is concerned with the structural vibration problem involving uncertain material or geometric parameters, specified as fuzzy parameters. The requirement is to propagate the parameter uncertainty to the eigenvalues of the structure, specified as fuzzy eigenvalues. The usual approach is to transform the fuzzy problem into several interval eigenvalue problems by using the α-cuts method. Solving the interval problem as a generalized interval eigenvalue problem in interval mathematics will produce conservative bounds on the eigenvalues. In this paper, a new efficient perturbation method is proposed for bounds of eigenvalues, which does not need derivatives of the stiffness and mass matrices for each uncertain parameter. Also this method does not require a non-negative decomposition of the stiffness and mass matrix pair. Following a review of methods to solve the interval analysis problem, this paper investigates strategies to efficiently calculate the fuzzy eigenvalues. The paper presents a new increment method, in which the parameter intervals reuse results from previous α-cuts. The method is demonstrated on a simple cantilever beam with a pinned support.
Introduction
Zadeh [1] presented fuzzy set theory in 1965, and subsequently fuzzy theory was widely used in many fields, such as image identification, information processing and artificial intelligence. The fuzzy finiteelement method (FFEM), which is based on fuzzy mathematics, was first proposed in the early 1990s. For static analysis, in 1993, Valliappanhe and Pham [2] presented a fuzzy finite-element method for elastic foundations; however, this approach is only suitable when the elastic modulus and Poisson's ratio of the foundation are fuzzy. Rao and Sawyer [3] developed an optimization-based method for the numerical solution of linear static fuzzy equation. Lu [4] , Liu and Qiu [5] found the solution of the structural fuzzy finite-element equation by employing the theory of resolution in interval numbers and the theorem of fuzzy resolution. Other methods to find the solution for dynamics problems have limitations. In 1990, Wang and Ou [6] used the finite element method to study the random vibration systems using a singledegree-of-freedom system with fuzzy excitation inputs. Chen and Rao [7] investigated the numerical solution for the frequencies and displacements of a fuzzy vibration problem. However, the approach produced distorted response membership functions when the parameter membership functions were nontriangular.
The usual solution approach is to transform the fuzzy problem into several interval eigenvalue problems by using the α-cut method. This requires an efficient, accurate and general interval analysis method. Solving the interval problem as a generalized interval eigenvalue problem in interval mathematics will produce conservative bounds on the eigenvalues. Qiu et al. presented the parameter vertex solution theorem [8] and the eigenvalue inclusion principle [9] ; however, these methods require the non-negative decomposition of the stiffness and mass matrix pair, which is not necessarily satisfied in practical applications. Qiu et al. [10] proposed a perturbation based method with reduced computational requirements although the estimation is highly conservative. Xia [11] presented a simplified perturbation method, which is more accurate and much simpler than other methods; however, this method also requires the non-negative decomposition of the stiffness and mass matrix pair.
In this paper, a new efficient perturbation method is proposed to calculate the bounds of the eigenvalues. This method does not need the derivatives of the stiffness and mass matrices for each uncertain parameter, and is suitable for general applications as it does not require the non-negative decomposition of the stiffness and mass matrix pair. Following a review of interval analysis methods, this paper investigates strategies to efficiently calculate the fuzzy eigenvalue problem based on this new interval analysis method. The paper presents a new increment method, in which the parameter intervals reuse interval results from previous α-cuts. The method is demonstrated on a simple cantilever beam with a pinned support.
Problem statement
In traditional vibration analysis, the eigenvalue problem of the natural vibration of structure without damping can be expressed as
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Suppose that the structural parameters 
Then Eq. (1) will become the fuzzy eigenvalue problem 
, and, ũ denotes the eigenvectors corresponding to  .
In terms of the fundamental principle of fuzzy mathematics, we can obtain an interval eigenvalue problem by taking -cuts of Eq. (3) as follows ( ) ( )
Thus the fuzzy eigenvalue equation at a particular -cut, is equivalent to an interval eigenvalue equation with interval parameter vector Equation (4) represents a generalized interval eigenvalue problem at a given -cut. The solution set can be expressed as
Generally, the geometric shape of the set   is complicated, and usually impractical to obtain exactly.
Instead, we usually seek the interval vector In accordance with the theorem of resolution, we can deduce the solution for the fuzzy eigenvalues as
To sum up, the key to solve the eigenvalue problem with fuzzy parameters is the transformation between the fuzzy eigenvalue equation and the interval eigenvalue equations. First, the structural fuzzy finite element eigenvalue equation is transformed into interval equations using the -cut method which is based on the extension principle. Then, the interval equation is solved to calculate the interval eigenvalues. The interval solutions are then converted into the fuzzy eigenvalues of the structure, which is based on the theorem of resolution.
Eigenvalues of structures with bounded parameters
Generally speaking, there are two types of approach for eigenvalues of structures with bounded parameters. For the first type, Qiu et al. presented the parameter vertex solution theorem [8] and the eigenvalue inclusion principle [9] . However these methods require the non-negative decomposition of the stiffness and mass matrix pair, which often limits the application to practical systems. In the following section, we mainly discuss the second type, namely perturbation based methods, which can be applied more generally.
Perturbation-based methods
The perturbation theory of structure eigenvalue problems considers small variations in the parameters and eigenvalues about a nomimal system given by the central parameters 
where
are the perturbed mass and stiffness matrices. Often the mass and stiffness matrices will be linear functions of the structural parameter vector, so that 1 1 ,
. In other cases Eq. (9) is a good first order approximation to the structural matrices, where the matrices are given by
Substituting Eq. (9) into Eq. (8), we have
Standard perturbation method
From Eq. (11), we have,
Then the upper and lower bounds of the eigenvalues, , 1,2, ,
This standard perturbation method doesn't rely on the non-negative decomposition of the stiffness and mass matrix pair. However the calculation of j M and j K is required.
Simplified perturbation method [11]
Xia [11] presented a simplified perturbation method. If the stiffness and mass matrices could be decomposed into the non-negative form shown in Eq. 
Eq. (16) and (17) may be written as
Then the upper and lower bound of the eigenvalues , 1,2, ,
The benefit of this method are the simple caculation and relative high precision as it avoids interval extension and the over-estimation in the standard pertubation method. However this method requires that the stiffness and mass matrices may be written as a non-negative decomposition which has limitations in real applications.
Vertex-Perturbation method
To avoid the over-estimation in the standard perturbation method and avoid the requirement constraints on the stiffness and mass matrices, we propose a more general approach, called the Vertex-Perturbation method.
From Eq. (11), i
 is a linear function with respect to the uncertain parameters,
Geometrically, the linear constraints given by , 
which is equivalent to     : , w h e r e o r , f o r 1 , ,
This set of vertices has 2 s elements.
Thus the exact the supremum and the infimum of i  in Eq. (11) may be determined as
the exact supremum and the infimum of the first-order deviation of the structural eigenvalue, i  , may be determined by the following expressions, which are equivalent to Eqs. (25) and (26),
This method gives the exact supremum and the infimum of the first-order deviation of the structural eigenvalue, i  , which does not need derivatives of the stiffness and mass matrices for each uncertain parameter and hence is much more efficient than the standard pertubation method. The calculation requirement is the same as the parameter vertex solution theorem presented by Qiu et al. [8] , however it does not require specific decompositions of the stiffness and mass matrices and hence is more general. Table 1 clearly shows the comparison of the advantages and disadvantages of different approaches for eigenvalues of structures with bounded parameters.
Approaches to calculate the eigenvalues of structures with bounded parameters

Numerical validation
The example considers the stepped bar shown in Fig. 1 The results by different methods are shown in 
Conclusion
This paper has investigated strategies to efficiently solve the fuzzy eigenvalue problem. A new perturbation method has been proposed to produce tighter bounds on the eigenvalues. This method can give the exact supremum and the infimum of the first-order deviation of the structural eigenvalue, which is more efficient than the standard perturbation method. This method is more general than many of the interval arithmetic methods as it does not require the non-negative decomposition of the mass and stiffness matrix pair. The methods to solve the interval analysis problem were summarized and the paper then investigated strategies to efficiently calculate the fuzzy eigenvalue problem. The paper presented a new increment method, in which the parameter intervals to reuse interval results from previous -cuts. The method was demonstrated on a simple cantilever beam with a pinned support, and produced very accurate fuzzy eigenvalues.
